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ON GENERALIZED TWO-DIMENSIONAL PLATE THEORY—I
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Abstract—We derive two-dimensional equations for transverse bending of plates including the effect of moment
stresses. The method of derivation is analogous to what has earlier been done without moment stress, using a
suitable version of the variational principle for stresses and displacements. The two-dimensional theory of this
paper is of the twelfth order and contains as limiting cases known sixth order theories in which moment stresses
are either negligible or dominant, as well as a fourth-order theory involving both force and morhent stresses,
which applies when transverse shear deformation is negligible.

1. INTRODUCTION

IN what follows, we consider the derivation of two-dimensional plate theory from three-
dimensional elasticity theory for the case of a medium supporting moment stresses as well
as force stresses, by means of the same variational approach which has been used some time
ago [3, 4] for the derivation of plate theory including the effect of transverse shear deforma-
tion, from “ordinary” elasticity theory. The principal purpose of the present considerations
is the gaining of additional insight in connection with a procedure for deriving two-
dimensional results by iteration from an integro-differential equation formulation of the
three-dimensional plate and shell problem which has recently been proposed [5].

The problem of deriving two-dimensional plate theories on the basis of three-
dimensional moment stress elasticity theory has previously been considered by Eringen [1]
and by Green and Naghdi [2]. The latter use asymptotic methods for the derivation of
rational results for a special class of problems. The former uses certain averages of the
equations of the three-dimensional problem for the derivation of a semi-rational two-
dimensional theory. The present variational approach may subsequently be interpreted
as an averaging procedure with automatic rationality of the resultant two-dimensional
theory.

2. THE BOUNDARY VALUE PROBLEM IN VECTORIAL FORM

We consider a region in space bounded by a cylindrical surface f(x, y) = 0 and by
two parallel planes z = +c. We assume the existence of force stress vectors o,, 6,, 6, and
moment stress vectors 1., t,, T, and, with force and moment load intensity vectors p
and q, the validity of equilibrium equations of the form

6,..+...+p=0, Toxt ... +ixo . +... +q=0. 1)

Considerations of virtual work then lead to relations between displacement vectors v
and Y and force and moment strain vectors e,, e,, e, and k,, k,, k, of the form

e, =v +ixy,..., k.=V,,.... (2)
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The above differential equations are supplemented by a system of relations which
express the property of elasticity of the medium, in the symbolic form
e, = 0B/de,,. .., k, = dB/ir,,... (3)

where B is a given function of the indicated arguments.
Among various possible systems of boundary conditions we here consider the case of
stress boundary conditions, in the form

6, =G, T, =T, (4)

where the subscript n indicates the outward normal direction on the plane boundary
portions z = const. as well as on the cylindrical boundary portion f = 0.

Equations (1) to (4) are associated with a variational equation for stresses and dis-
placements, 61 = 0, [4, 6] where

I= f (v +ixy) 6, +...+Y - 1.—B—v.-p—Yy-q]dV - §[v-6‘,,+\|1~f,,] ds. (5)

The Euler equations associated with (5) are equations (1) and (4) together with (2) or (3),
depending on whether equations (2) or equations (3) are considered as equations of
definition for e, k., etc.

3. THE BOUNDARY VALUE PROBLEM IN SCALAR FORM

We write

(6X7 ex’ v) = (o-xx’ eXX’ vx)i +(ny’ exy’ v )j + (O-XZ’ exZ * Uz)k (6)

etc. and, for convenience sake, introduce a preferential treatment of the z-direction in the
expressions for 1, k and { by writing

(sz kx’\ll) =k x [(Txx’ kxx’ '//x)l + .. ] +(sz7 kxza l//z)k (7)

etc. Assuming for simplicity the absence of p and q, the equilibrium equations (1) assume
then the form

Oxx,x + ny.y+ Ozxz = 07 Txx,x + Tyx,y + Tox.z + Opx = O0x; = 0
OryxTOpyyt0,,.=0, Teyx T Typy + Ty T 0,,— 0, =0 (8)
ze,x + O-yz.y + Gzz,z = 0* sz.x + Tyz,y + Tzz,z + ny - o-yx = 0

and the strain displacement relations (2) become

Cxx = Uxx» exy = Uy,x—'l/,z’ eyx = vx,y+‘/lz’ Cxz = vz,x+ll/x’ e

kxx = l//x,x’ kxy = l//y,x’ cee

Stress—strain relations corresponding to the symbolic equations (3) are in terms of the
above components of stress and strain

€. = 0B/0o,, €., = 0B/0a,,,..., k., = 0B/0t,\,- ... (10

)
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In the statement of scalar boundary conditions we assume for simplicity that the plane
boundary portions are free of stress, i.e.

=1,,=0 (11

and we write the scalar conditions corresponding to (4) for the cylindrical boundary por-
tions in the form

z= *c; Oox = Ozy = 0,3 = Ty = Ty

f = O; Opp = &nn’ GOps = 6ns9 Gpy = 6nz’ Thn = ‘Enn" (12)

With this the variational equation (5) becomes

6{ J [ [o0seet @m0y bt

H(U, W )o + Y T, T+ — B]dzdx dy (13)

- § ﬁ&,,,,v,, + Uy + T U, + Tl +. . .1 d2 ds} = 0.

4. A CLASS OF STRESS-STRAIN RELATIONS

In what follows consideration is restricted to the class of transversely isotropic linear
media for which the strain potential function B is of the form

_ 02 405, —20,0,,0,,+(1+v,) (62, +62) + (0., —0,.)°

B
2E
+ (732 —v (O-xx + “yy)”zz + (O'zx + O'xz)Z + (Gzy + O'yz)z
2E, "% 2FE 8G
z (14)
+(O'zx'—0-xz)2 +(O-7-)'_—O-yz)2 Tiz+‘[32 fo+‘[§y+ 132
8G* 2¢2A 2¢*A, 27T,

N ot Ty = 20T Ty + (L v (Thy + 15 + 4Ty — T,y)

2¢*T

Additionally, the given functions of position E, v, etc. are assumed to be constants.t

5. A CLASS OF STRESS STATES FOR TRANSVERSE BENDING OF PLATES

In generalization of corresponding assumptions in the absence of moment stresses we
take as expressions for the components of force and moment stresses which are responsible
for plate bending and twisting moments M,,, M, M, M, ,

IMS, z 3MZ, 2 M,
axx:_chE’ O-xyz 2c2yz,..., Tex — 2; PR (15)

whereupon M, = M, + M., etc.

XX

t Also omitted from consideration, for simplicity, are terms of the form o,,0,, +0,.0., and terms of the form
o1 which would be compatible with the assumptions of linearity and transverse isotropy.
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We next choose as expressions for shear stresses acting between midplane parallel
layers, as in the theory without moment stresses,

4 2 4 -2
239_5(1_2_), azyziQ.x(1_:7) (16)

c? 4c¢ ¢

where Q7 and Q7 are as yet undetermined functions of x and y.

Inspection of the first two moment equilibrium equations in (8} indicates that it will
be good to choose as expressions for shear stresses acting between midsurface perpendicular
layers

. 2 ( o -2 T
e #).E L  )g ™

[ +—, g .
¥ 4¢ el 2¢ ¥ 4¢ o 2c

With this we will have transverse shear stress resultants Q of the form Q = Q7 + Q"
Inspection of the third force equilibrium equation in (8), in conjunction with (17} and
(11), suggests as expression for the remaining component of transverse normal stress

z 3
., = §{:—3) (18}

4lc ¢

It remains to choose expressions for five of the moment stress components. Considera-
tion of the three moment equations in (8) and of the face boundary conditions {11), in
conjunction with the assumptions (15) to (17), suggests as simple reasonable assumptions

ar{, =
Tox = Toy = Tag = Tpe = 0. Toz = :1“:(1 _2“2) (19t

Having equations (15)~{19) we must next establish a system of two-dimensional dif-
ferential equations and boundary conditions for the quantities M, 0, S and T, together with
a suitably defined set of displacement measures, in such a way that equilibrium conditions
as well as stress—strain relations are satisfied in a systematically approximate fashion.

6. VARIATIONAL DERIVATION OF TWO-DIMENSIONAL DIFFERENTIAL
EQUATIONS AND BOUNDARY CONDITIONS

Introduction of equations (15}(19) for stresses into the variational equation (13)
leads to the definition of two-dimensional displacement measures a, f, w*, w and Q as
follows:

3 e 1 re
(2, 2) = Eggf Comzdz (Bof) =353 f | Wty dz (20)

Q= 3 fcl// d (w* )——J-c -3- 1——12—2 —]—vdz 21
23 ). 205 W= _. |4c Al 2cf T

+To indicate the nature of the considerations involved in the foregoing we note that a refinement of (19
would be to choose 1,. = (z/c)T;, 1., = [(z/e)—(2/e)*1T,,. etc. while at the same time replacing Q7 and Q5 in (16)
{but not in (17)) by quantities 0., and Q,,.
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Therewith we have

fff[vx,xoxx + (vy,x - lpz)a'xy +...+ !//z,zrzz:l dZ dx dy

- f f [t oM+ (ot~ QM + (00, + DMt
(s AWt o+ BunMEs 4B, M+ .
+(B+w Qi+ .. +(Ww—w*)S+QT]dx dy. (22)

Furthermore, with B given by (14),

1
[[[Bezaxar= [ {2 S {(MZ)? + (M5, — 20, ML M5,

+(1+v,) (ME)? +(M7?) + (M3, — M3)*)

N eS? (ML +M;)S
210E, °*  10Ec

+

SDF (ML) +. .+ u ML, — M)

1302 020: (Q;)ZJ
+E{ 10 4 16

(9 312
+16G*c+"'+101"zc3 dx dy (23)

where D¥ = 2Ec® and D* = 2T"c3.
The remaining double integral in (13) reduces, with the help of expressions for edge
stresses consistent with equations (15), (17) and (19), to a single integral, as follows:

§ J[E,,,,v,, 4. T, ]dzds
= gﬁ (V2,00 + Moy + O + 0w+ MinfBo+ M5,B.] ds. (24)

Having equations (22) to (24), with all indicated scalar stress and displacement vari-
ables being varied independently, we now obtain systems of Euler differential equations
and boundary conditions consisting of seven equilibrium equations

Mo+ M5, ,—05=0, M3, +M;, —05=0 (25)
05, +0;5,+5=0, 0%t Q5,—S=0 (26)
M, + M, ,— QL =0, ML, 4+ Mi, ,—Q, =0 Q27

Mo —M%,+T =0 (28)
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together with fourteen stress—strain relations
M;x—v"M;y_ VarS - M;y-vo'M;x VoS

- , - _ 9
e D* 10Ec’ % D* {0Ec (29)
Doy~ ) = (1+v,)MZ, + (M2, — M2, (30)
Do, + Q) = (1 +v,)MZ, + 4 M3 — M2) (31)
305 305 9
* . TxX XX * st 2
LW = 56 Tace Y T 560 e G2)
DI, = M —v.M;,, D¥B,, = My, —v M5, (33)
D::By,x = (1 +vt)Mxy+.ut(M§cy~M;x) (34)
D::Bx.v = (l +vr)M;x+#1(M;x'"M;y) (35)
0., 0% o0, 0y

+ o | = +w ;
Patws= (G (%)Sc oo P (f+G*8c 4Ge (36)

€S MM, _ 3T \
Y = 10sE, ' 10Ee 56T, 37

and of six (stress) boundary conditions
AM;, = AM} = AQy = AQ, = AML, = AM;, =0 (38)

along f = 0, where AMS, = M3, — M5, etc.t

The system (25) to (37), in its generality, may readily be reduced to a system of seven
equations for seven displacement variables «,, a,, 8., ,, w, w¥, Q, by introducing the
stress—strain relations (29) to (37) into the seven equilibrium equations (25) to (28). This
reduction will not be carried out here except for the following part of it. We use the
equilibrium equation (28) together with the stress—strain relations (30), (31) and {(37) to
express Q in terms of &, and a,, in the form

1 oy =
Q= — yx _ %x.y ] ,
21 +314v,+ 2, /E (39)
Therewith, the stress—strain relation (30) may be written in the Q-free form
x 3u,I,/E -
g — _l_)L ayx_ . 1+2ﬂ¢7 z/ . c‘y,x ax,y (40)
Yool T+3(L+v,+2u ), /E 2
with Mj_ given by an analogous expression.
of partlcular significance in equanons (39) and {40) is the special case
—o Me M o, Fo
rz — O’_ Q . ¥,X x,y, xy= yx — VX x,y‘
2 D D Aiiv) “n
Plate theory with no transverse shear and normal strains. Setting
1 1 1 .
== =y, =0 (42)

G G* E,

t The occurrence of separate boundary conditions for Mg,, MS,, Mi,,, M. in a general, two-dimensional
plate theory including moment stresses, had been suggested to the author by A. E. Green, and P. M. Naghdi
prior to the work contained in this article.
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we have from (32), (36) and (37)

w¥ = w, o, =f,=—w,, a,=f,= —w,. (43)
Equations (29) and (40) give, with D, = D*/(1—v2),
M= = Dyw +v,w,.) Mg, = —(1— v)Dw 4, etc., (44)

while (33) to (35) imply. with D, = D*/(1—2)
My = —Dw  +vw,)  M,=—-(1-v)Dw,,  etc (45)

Introduction of M,, = M7, + M}, etc. into the relation M,, , +2M, +M, . =0,
which may be deduced from (25) to (27), results in a fourth-order equation for w,; which for
the case of constant D,, D,, v,, v, assumes the form V2V2w = 0, the same as in the theory
without moment stresses. Again as in the theory without moment stresses, the kinematical
constraints (32) result in a contraction of the boundary conditions (38) to the classical form

AM,, = AQ,+(AM,) = 0.

7. SIXTH-ORDER PLATE THEORIES

Setting D¥ = 0 we have from (33) to (35) that M}, = M} = M, = M, =0, and
then from (27) Q% = @} = 0, and from (26) S = 0. The remaining system of equations for
oy, &, w¥ is equivalent to the previously given results for plate theory including transverse
shear deformation [3].

Setting D} = 0, and therewith M3, = Mj, = M3, =M =Q;=Q;=8=T=0,
the remaining system of equations for f8,, f3,, w is equivalent to the system which Green
and Naghdi obtain by asymptotic considerations [2].

Effectively, the former theory will be applicable as long as D* < D* and the latter
theory will be applicable as long as D* < D¥.

It may be seen as follows that when D* and D¥ are of the same order of magnitude that
then, in general, the complete twelfth order system must be used. We first write equations
(32) and (36) with the help of (25), (27) and (37) in the form

IMI M, ML +M:

x _ yx,y XX,X yx,y 46
(Xx+w,x 5 Ge + 4Ge ( )
G\M;, ,+M; , Ml .+M; cS M2+ M
W =14+ — | 222 - = = N T N
et ( G*|  8Gc 4Ge 05, " 10c |, 7

(4

with analogous expressions for o, +w* and f,+w ,. We next introduce M7, M5, , etc. from
(30), (31), (33), (34), (35), and S from (26), into these relations. From this we see that when
D¥ and D¥ are of comparable magnitude then as long as any of the terms on the right of
(46) and (47) are significant, all (except those with S) must be considered, and «, and B,
remain as essentially separate dependent variables.

Retention of the terms on the right of (46) and (47) implies a characteristic length L such
that D/GcL? = O(1) or L = O[c/(E/G)]. From this it follows that when \/(E/G) = O(1)
and when the smallest characteristic length of interest is to be large compared to ¢ then
all terms on the right of (46) and (47) are small of higher order and the simple fourth order
theory of equations (43)-(45) applies.
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AOcTpakT-—BriBoAsiTCA ABYXMEpHBIE YpaBHEHHs U1 MomepevyHoro M3ruba nnactuHok Bkmouasi sddekt
MOMEHTHbIX HampskeHud. MeToX BBIBOAA AHAJIOTHYEH CAENaHHOMY patee 0e3 y4eTa MOMEHTHBIX
HAIpPSKEHU, UCTOJIB3ys YAOOHBIA CrIoco0 BapUALMOHHOIO NPHHHKNA Ui HATIPSOKEHUN H NepeMelleHHil.
IIsyxMepHas TeopHs, NpeacTaBjieHHas B HacTosAluel paboTe, ABNSETCS ABEHAALATOrO MOPAAKA M 3aKJIIO-
YaeT, B KAYeCTBE MPEJe/IbHBIX C/y4aeB, M3BECTHbIE TEOPUM ILIECTOTO NMOPSAKA, B KOTOPBIX MOMEHTHBIE
HATPAKEHHS OKA3bIBAIOTCA HE3HAYMTENIbHBIMH WM IpeoONaJaiolMMH, a TakkKe TEOPHIO HYETBEPTOrO
nmopsaKa, BeI3BIBAIOLIEH HaNpPsXKEHHSA TAK OT CHJI KAK H OT MOMEHTOB. 3Ta NOCHeHss TeOPHsl NPUMEH-
SE€TCS B Cllyyae, KOraa nonepevynas aedopmMaius CABUIa He3HaAYUTEIbHA.



